Abstract-The uniaxial finite-volume Maxwellian absorber used as a perfectly matched layer is extended to incorporate radial anisotropy for modeling cylindrical geometries. Theoretical background and practical applications of both uniaxial and radial absorber models are presented. Both these models employ spatially and temporally co-located electromagnetic field quantities in an unstructured mesh. The uniaxial Maxwellian absorber model is tested for a truncated waveguide problem. The influence of absorber thickness and material loss parameter on the performance of the model is analyzed. Numerical reflection coefficients down to 60 dB are achieved for fine mesh discretization with approximately 20 points per wavelength confirming the convergence of numerical results. As an extension of the technique, a radially anisotropic absorber model is tested for cylindrical mesh truncation using a representative problem involving two different test scenarios. Results are compared with an existing technique commonly used in finite-volume time-domain simulations, demonstrating substantial reduction in numerical error due to cylindrical mesh truncation.
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I. INTRODUCTION
A FINITE-VOLUME-BASED uniaxial Maxwellian absorber was introduced by the authors in [1] with an application to waveguide truncation problem. For scattering and antenna applications, this uniaxial model suffers from inaccuracies originating from the corner regions, which are the major sources of numerical reflections (inaccuracies) in the computed solution. Therefore, to avoid the corner regions, a radial absorber model is introduced in this paper. This radial Maxwellian absorber model uses a novel approach to achieve anisotropy in the radial direction and can be efficiently used in applications involving cylindrical or spherical geometries. The theory of the radial absorber is developed as an extension to the uniaxial model, and supporting numerical experiments are presented. The present finite-volume time-domain (FVTD) approach naturally adapts the model for application on unstructured meshes and it is based on the modified Lorentz material response of lossy dielectric media, as proposed in [2] - [4] . As compared to the convolutional perfectly matched layer (PML) discussed in [5] , there is no need for performing a convolution Manuscript received April 6, 2006 [6] , [7] and, hence, the model satisfies Maxwell equations both inside and outside the absorber region. Unsplit-PML models have been previously studied. mainly in the framework of the spatially and temporally staggered finite-difference time-domain (FDTD) method or for the finite-element time-domain (FETD) method. The standard staircase approximation near domain boundaries impose constraints on the flexibility and accuracy of the FDTD method. This creates a strong motivation for the development of the FVTD method, which can handle unstructured meshes and additionally enables spatially and temporally co-located field storage. Using curvilinear PML models, the corner regions can be avoided in the computational domain. The curvilinear PML models reported in [8] - [11] were adapted mainly for FDTD and FETD methods, which uses update equations represented in cylindrical coordinate.
The new finite-volume radial absorber model introduced in this paper is based on a different approach, which capitalizes on the capability of the FVTD method to handle unstructured mesh to its full advantage. Hence, the modeling of cylindrical geometry becomes possible without the need for coordinate transformation, as in the case of FDTD simulations. Achieving radial anisotropy using Cartesian domain formulation involves rotational transformation from locally uniaxial to globally radial behavior of the material loss parameter. This paper is organized as follows. In Section II, a brief introduction of the FVTD method is presented for modeling the modified Lorentz media. In Section III, a two-dimensional (2-D) FVTD formulation of the modified lossy Lorentz media is discussed and the relevant update equations are presented. A practical application of the uniaxial finite-volume absorber is demonstrated for the waveguide truncation problem. Some numerical implementation aspects of the uniaxial Maxwellian absorber are discussed, emphasizing the optimal choice of absorber thickness and material loss parameter. The theory of radial finite-volume Maxwellian absorber is introduced in Section IV. The concept of radial anisotropy is explained using a locally rotated uniaxial absorber model. As a validation, the radial absorber is tested for sample problems with cylindrical geometry. Finally, the performance of the radial absorber is compared with an existing mesh truncation technique. [14] (1) where denotes the electromagnetic (EM) field vector with the superscript representing the matrix transpose. Each th polyhedral cell is made of faces and has a control-volume (corresponding to an area in the 2-D model). Each th face has an area of (length in the 2-D model) and a unit outward-normal . The factor takes the value of free-space permeability and permittivity for the magnetic and electric field update equations, respectively. The vector represents the components of magnetization and polarization fields inside the dielectric medium. The factor is called the flux function in the FVTD nomenclature and plays a crucial role in information exchange between adjacent cells.
III. UNIAXIAL FINITE-VOLUME MAXWELLIAN ABSORBER
The polarization and magnetization field vectors of the modified lossy Lorentz media were previously used to model FDTD-based absorbing boundary conditions (ABCs) [2] , [3] . These auxiliary field quantities, when included in the FVTD formulation, result in computational overhead due to additional update equations involving flux terms. In this paper, a modified approach, which reduces the computational overhead in the FVTD method, is employed to model the Maxwellian absorber on a 2-D unstructured triangular grid. The model of the modified (time-derivative) Lorentz material yields the magnetization and polarization equations as follows [4] : additional term (2) where the material resonance-frequency is denoted as and the resonance bandwidth is given by . The factor relates and to and , respectively. Similarly, the term couples and with time histories of or , respectively. In particular, the factor plays a crucial role for numerical modeling and will be the subject of a detailed analysis in Section III-A. For a perfectly matched interface, a uniaxial absorber along the -axis is considered. The frequency-domain electric and magnetic susceptibilities of the modified Lorentz media then results in the relative permittivity and permeability tensors given by (3) where the superscript denotes the modified Lorentz model due to the additional time-derivative term in (2) . The frequencydomain electric and magnetic susceptibilities are directly obtained from (2) using Fourier transformation as follows: (4) where subscript represents the frequency-domain value with corresponding to the center frequency of the incident EM excitation. As proposed in [2] , the modified Lorentz model behaves like a uniaxial absorber if it satisfies the following constraints.
• and : this implies that the frequency of operation is much higher than the narrow resonance band of the material.
• : this avoids dispersion inside the absorber. Under these constraints, (3) and (4) results in the modified polarization and magnetization field equations written as
The factor is the material loss parameter inside the Maxwellian absorber, which is given by . Using these constraints in (3) and (4), the modified polarization and magnetization fields are used to derive the field update equations, as given in [1] (8) (9) (10) (11) where each component of explicitly depends on all the field quantities in . The factors of polarization and magnetization currents in (9) and (10) have the form of lossy conductivity terms inside the Maxwellian absorber. It can be noticed from the above system of equations that there are three standard EM field equations in (8)- (10) and an additional update equation for the scalar field , as in [16] . In contrast to [4] , the update equation of the fourth field is an ordinary differential equation (ODE) in time and, hence, there is no substantial increase in the computational effort. Equations (8)- (11) constitute the final set of equations required to update the electric and magnetic field quantities. The whole computational domain is subdivided into two parts, namely, the main computational domain and the FVTD Maxwellian absorber domain . The final update equations are similar in both domains with the additional requirement that inside and inside . This highlights an important advantage of Maxwellian absorber as compared to the split PML [6] . A parabolic profile is chosen for the variation of inside , increasing from 0 at the free-space absorber (FS-A) interface to a maximum value at the absorber truncation boundary. In numerical experiments reported before in [2] and [6] , this choice of profile variation resulted in optimal performance. Furthermore, the tolerance range of the parabolic profile was found to be better compared to other options [17] .
A. Practical Application: Waveguide Truncation Problem
The performance of the FVTD Maxwellian absorber on unstructured mesh is tested using a 2-D parallel-plate waveguide problem. The waveguide is assumed to have infinite symmetry along the transverse -axis. The wave propagation direction is towards the -axis. A perfect electrically conducting (PEC) boundary condition (BC) is forced on the two sides of the waveguide. The proposed FVTD Maxwellian absorber is used to truncate the waveguide perpendicularly to the -axis. In order to verify the practical applicability of the FVTD Maxwellian absorber under the constraint of limited computational resource, the thickness of the absorber is first fixed to , where corresponds to the wavelength at the center frequency of the EM excitation (pulse or harmonic). A triangular spatial discretization with cell edge dimensions of is used for the results presented here.
In order to quantify the performance, the numerical reflection coefficient from the FVTD Maxwellian absorber is calculated for various angles of wave incidence. Considering the plane wave decomposition model of a waveguide mode, changing the width of the waveguide is equivalent to changing the angle of incidence with respect to the FS-A interface. For each angle of incidence, two models are built, namely, the reference and test models. The reference model is divided into two parts, one with exactly the same domain cells as in the test model, and the other , an extension, which is truncated by a first-order Silver-Mueller ABC (SM-ABC), as shown in Fig. 1 . The numerical reflection is computed by subtracting the reference field values from those of the test model. The model in Fig. 1 is used to study the reflection coefficient at different angles of incidence using a first-order TE-mode excitation. The analysis is carried out over a range of incidence angles from near normal to 60 , which is of practical interest. The numerical reflection coefficient is calculated for different values of maximum material loss parameter and the results are shown in Fig. 2 for , , and
. For lower values of , e.g., , a relatively high numerical reflection coefficient exists, which is primarily originating from the absorber truncating (PEC) BC. On the other hand, for higher values, i.e., , the numerical reflection comes from the FS-A interface. In fact, the later numerical reflection is mainly due to the spatial discretization errors. For most of the simulations, a value of resulted in minimum numerical reflection.
B. Absorber Thickness Versus Performance
The thickness of the absorber has a strong influence on its performance. In addition, the material loss parameter controls the damping behavior inside the absorber. In the case of split-field Bérenger PML [6] , [17] , for a desired (theoretical) reflection coefficient and a given thickness and loss profile inside the absorber, one could easily find the required value of maximum loss inside the PML. On the contrary, for the Maxwellian absorber model, there exists no straightforward way of deriving the maximum loss parameter required for a specified (theoretical) reflection coefficient considering the given constraints on the absorber thickness and loss profile. Hence, the study of combined effects of material loss parameter and absorber thickness on performance is a vital information for practical application of the absorber. With this objective, a model with triangular spatial discretization with edge dimension is tested for various absorber thicknesses ranging from to . The numerical reflection coefficients are computed for three different values of material loss parameter defined as before. The results of the analysis are shown in Figs. 3-5. As noticed in Fig. 3 , the overall performance of the model is very low for . Especially, for absorber thickness , this choice results in high reflection. Therefore, for acceptable performance, a large absorber thickness is required, which increases the computational effort. The reason for this high reflection is a direct consequence of the very low damping present inside the absorber domain. Hence, in spite of damping of the wave on its forward and return paths, a significant part of the power is reflected back into the main computational domain Fig. 3 . Effect of absorber thickness on its performance at three different angles of incidence for material loss parameter = 1!. from the truncating PEC of the absorber. When the value of is increased to and , the damping inside the absorber is substantially increased, resulting in improvement in the performance shown in Figs. 4 and 5. The oscillations noticed in the numerical reflection coefficient value in Fig. 5 correspond to constructive and destructive interferences between waves reflected at the FS-A interface and at the truncating PEC. For low values of material loss parameter (e.g., as in Fig. 3 ), these oscillations are not observed due to the large undamped reflection originating from the truncating PEC, which is many orders higher than the reflection from the initial FS-A interface. This analysis indicates that, by choosing a large value of typically in the range of , one could opt for an absorber thickness smaller than . When the value of is increased beyond a certain limit , stability problems were encountered, which sets a maximum limit in choosing for practical applications.
IV. RADIAL FINITE-VOLUME MAXWELLIAN ABSORBER
The concept of radially anisotropic cylindrical PML was reported in the framework of FDTD in [8] - [10] and for FETD applications in [11] . All these previous attempts in modeling cylindrical PML were motivated by representing Maxwell equations in the cylindrical coordinate system. Especially in the FDTD approach, in order to avoid staircasing errors at curved domain boundaries, curvilinear mesh arrangement were developed with update equations using the cylindrical coordinate system. On the contrary, within the framework of FVTD, unstructured meshing of the computational domain permits modeling of curved surfaces with a high level of accuracy and flexibility. In other words, the feature of the unstructured spatial discretization enables the FVTD method to model domain boundaries of any shape in a generalized manner. Consequently, there is no need for a special type of mesh arrangement like a curvilinear mesh and, thus, transforming the system update equations to a cylindrical coordinate system is not required. In the following, the theory of radial finite-volume absorbers is discussed in detail and a problem with two test scenarios in cylindrical geometry are simulated.
A. Radial Anisotropy: Rotated Coordinate Analysis
The direction of wave attenuation inside the absorber is given by the direction of anisotropy. In the previous discussion on the uniaxial material absorber model, the anisotropy direction was chosen along the -axis. In contrast, when considering a radial absorber model described in the cylindrical coordinate system , the anisotropy is defined in the radial direction . In other words, as illustrated in Fig. 6 , the local direction of anisotropy is along the -direction and the local coordinate can be viewed as a rotational transformation of the global coordinate through an angle in the -plane. For the assumed formulation, the magnetic and electric field components in the rotated axes are given by . As clearly noticed, the rotational transformation in the -plane has no effect on the electric field component along the -axis. The field transformation from the global to the local axes is given by (12) where denotes the rotation matrix defined by the angle of rotation . The system of equations in the local coordinate is written as [1] (13) (14) (15) (16) Apart from the standard field vectors defined in , there is a scalar field given by , which represents the magnetic counterpart of polarization current, as defined in [1] and [4] . The above set of update equations differ from that of the uniaxial absorber (8)- (11) with respect to the fourth scalar field . Here, the update equation of the fourth field is represented as a partial differential equation (PDE) in space and time variables. In fact, one could also define the fourth field update equation as an ODE in time, as discussed in [1] , but here, the usage of a PDE form of the update equation instead of an ODE ensures mathematical simplicity in modeling radial anisotropy. Numerically, once the flux function of is known, the flux function of is directly obtained from that of with an appropriate change of sign. In order to model the radial anisotropy using the field vectors and defined in the global coordinate , all the local field quantities inside each control volume must be transformed back to the global coordinate system. This reverse transformation from the local to global coordinate system is achieved using the following relation: (17) Similarly, the field quantities in the local coordinate should be transformed to the global coordinate as follows: (18) For complete modeling of the radial anisotropy in the global coordinate, the partial derivatives ( , ) present in (13)-(16) should be transformed back to the global coordinate using the chain rule as follows:
Substituting (17) Comparing (13)- (15) with (23)- (25), it is noticed that the transformation from the local coordinate to the global coordinate does not change the structure of Maxwell equations, except for the lower order terms (terms with no spatial derivatives). This is a direct consequence of rotational invariance of the Maxwell system. Logically the fourth scalar field should also be split into two components in the -and -directions. However, in the system of update (23)- (26), this fourth field can still be represented in the local coordinate system. It should be also noticed that the right-hand side of the fourth update (26) is represented in global coordinates. This mathematical manipulation is deliberate in order to use four instead of five update equations. There are clearly two extreme situations, which can be directly tested from the above update (23)- (26), namely, and . These two situations yield update equations corresponding to uniaxial in the -and -directions, respectively. Finally, the system of equations representing the radial absorber model is written using the flux-based FVTD update equations as follows:
Interestingly, the flux terms computed for (27) and (28) can be reused in (30) and this flux recycling helps in reducing computational effort.
B. Numerical Experiments
For testing the radial finite-volume absorber formulation, a test problem is chosen and, as before, two models (test and reference) are created (Fig. 7) . For all the experiments carried out here, the thickness of the absorber is fixed to and the material loss parameter is fixed to . These values are chosen from the results of the uniaxial absorber model discussed before (refer to Fig. 5 ). The spatial discretization employed in the following problem corresponds to triangular cells with edge dimensions . Two representative numerical experiments were carried out as illustrated in Fig. 8 . In the first example, the 2-D model of the cylindrical domain is excited with an axial line source placed exactly at the center of the cylindrical domain, as depicted on the left-hand side of Fig. 8 . The electric field of the line source is impressed with a time-harmonic source function. Since the location of the line source is exactly at the center, the generated cylindrical wave will impinge on the FS-A interface at normal incidence, i.e., uniformly at all locations on the FS-A interface. The numerical error due to truncation using the radial absorber is computed from the difference in field values between the test and reference model. In the second experiment, the source location is shifted towards one side, as shown on the right-hand side of Fig. 8 . In this case, a large range of incidence angles will be involved. The performance of the radial absorber is compared with the first-order accurate SM-ABC commonly used in FVTD simulations. The results of the first numerical experiment is shown in Fig. 9 . Theoretically, at normal incidence, the SM-ABC is a perfect ABC. Numerically, it performs at its best and its accuracy is comparable to that of the finite-volume radial absorber. The reflection at normal incidence in the case of the radial absorber is predominantly due to discretization errors inside the absorber. When the source location is displaced away from the center, a wide range of incidence angles comes into action and the performance of the SM-ABC degrades drastically. In this case, the performance of the finite-volume radial absorber is substantially better than SM-ABC and the numerical error remains stable for any source location (Fig. 10) . The numerical reflection due to the finite-volume radial absorber computed at a test point is compared with that of the SM-ABC, and the results are shown in Fig. 11 . As clearly observed, the performance of the finite-volume absorber model is approximately 10 dB better than the SM-ABC. The apparent degradation in the performance compared to the uniaxial model is not unexpected because it is due to multiple reflections at grazing angles of incidence. Nevertheless, the performance of the radial absorber confirms a significant improvement compared to the existing SM-ABC.
C. Outlook for Extension to Three-Dimensional (3-D) Geometries
The proposed radial absorber can be generalized to 3-D geometries in two different ways. The first option is to employ a spherical absorber model with the direction of anisotropy defined along the radial direction. In order to represent the update equations only using the global field values, one has to perform a inverse transformation for obtaining a locally uniaxial and globally spherical absorber behavior. Contrary to the 2-D radial absorber case, the spherical transformation will affect all the field components due to two degrees of rotation involved.
However, for elongated structures, employing a spherical absorber for domain truncation will drastically increase the computational volume. Hence, to avoid the computational overhead, a second option is proposed employing a cylindrical absorber model with two hemispherical absorbers appended as the top and bottom covers. Without loss of generality, if the -axis is assumed to align along the longer dimension of the elongated structure, then a cylindrical absorber can be employed with the -axis chosen as the axis of the absorber. Appending spherical absorbers on the top and bottom of the cylindrical absorber avoids corner regions and, hence, offers more accurate domain truncation. The proposed idea for 3-D extension is currently under further investigation and will be a topic of interest in the future.
V. CONCLUSIONS
A new model for mesh truncation using uniaxial Maxwellian absorber in the framework of FVTD was introduced. The performance of the uniaxial absorber was tested for angular response using a coarse spatial discretization with around 12 points per wavelength. For a variation of the angle of incidence from near normal to 50 , the reflection coefficient of the FVTD Maxwellian absorber was lower than 40 dB, demonstrating the good performance achieved in practice for such coarse spatial discretization. The accuracy of the proposed model was found to further increase when employed on meshes with spatial discretization with approximately 20 points per wavelength. Numerical reflection coefficients in the range of 60 dB were achieved on fine meshes confirming convergence of numerical results. The uniaxial finite-volume Maxwellian absorber was further extended for modeling cylindrical geometries. The modified formulation of the radial absorber adapts naturally to the FVTD algorithm without any need for coordinate transformation, convolution, or curvilinear meshing. The performance of the radial absorber was compared with the existing SM-ABC. The overall performance of the radial absorber was found to be significantly better than the existing mesh truncation technique in the framework of the FVTD method.
